Abstract. Process monitoring is a continuous process for improving the quality. Control chart is a process monitoring tool of SPC tool kit that plays an important role in providing widespread monitoring, to observe the changes in parameters. Mostly, the mean control charts are used for monitoring of process location. In a perfect situation, when there are no outliers, the mean charts are more e cient than median control charts. In reality, data is not always free from outliers, so the median charts are considered as the best for monitoring location parameters. The use of an auxiliary variable in a control chart may be the cause of e ciency gain. The current article considers EWMA median charts based on auxiliary variable(s). Di erent run length performance measures are considered to expedite the proposed charts in both contaminated and uncontaminated process environments under multivariate normal distributions. An illustrative example is provided to validate the performance of the proposed charts. From the results, we deduce that the performance of median control charts is much better than that of mean control charts in the presence of outliers; moreover, the performance of control charts can be enhanced by using more auxiliary variables.
Introduction
Statistical Process Control (SPC) is a process monitoring tool kit containing di erent methods that are used to examine the process [1] . The control charts are signi cantly and e ectively used to monitor the variation in the manufacturing or service process mechanisms [2] . A variety of control charts have been studied in literature taking into consideration the Shewhart, cumulative sum (CUSUM), and the Exponentially Weighted Moving Average (EWMA) control charts. The e ective performance of these processes largely depends on the speci c size of the shifts with regards to the variables under consideration. In the presence of shifts in process parameters, quick detection always bene ts the manufacturing process and thus improves the quality of the process. There are two types of causes involved in any process; assignable causes and common causes. The random and innate part of a certain process has non-obvious reasons known as common causes and assignable or transactional causes are non-random. The assignable causes have some premeditated factors of concerned reasons having the key e ect on the stability of the process and if these causes exist, then the process is called an out-of-control process. If we manage the variations in the output of a process by removing these assignable causes, then the results in the process will be improved. In the presence of shifts in process parameters, quick detection is always bene cial to improve the quality of the process. These shifts may exist in process mean or in process dispersion, which are commonly used parameters.
Quality control charts have also found implementation in the elds of production, statistics, and nance. They entail two main types, namely, memory less control charts and memory control charts, in calculating the e ciency of products and in process monitoring mechanism. The Shewhart control charts are also known as memory less control charts and have been commonly and extensively used for observing the variation in the process of production. These charts are less e cient in showing performance for moderate and small shifts in process' parameters, which is the main disadvantage of Shewhart control charts [2] . Because we rarely determine the exact shift value of a given process before it is relatively detected, it is important to look at a wide range of known and unknown mean shifts. In order to overcome these drawbacks associated with these charts, an alternative approach is considered taking into account the cumulative sum (CUSUM) and Exponentially Weighted Moving Average (EWMA) control charts, which are memory control charts. The CUSUM and EWMA control charts were initially studied by Page [3] and Roberts [4] , respectively. Memory control charts utilize current information as well as past information for detecting moderate and small shifts in process parameters while, on the other hand, memory less control charts only use current information and ignore past information. As the EWMA control charts are sensitive and e cient relative to Shewhart charts; thus, they are very popular in detecting small shifts in the process.
The design strategies and properties of EWMA control charts for monitoring of process mean have been meticulously explored in many papers (see, e.g. [5] [6] [7] [8] [9] [10] [11] ). Many researchers studied EWMA control charts for variance, e.g. [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] .
Statistics such as sample median or the range are used in the statistical process control applications. However, less attention has been paid for utilizing these statistics as an instrumental tool for monitoring process parameters in the literature of quality control. Some researchers suggested median based control charts as well as quantile-based control charts. For example, median rankit control chart was suggested by Kanji and Arif [24, 25] and Chen and Chiou [26] ; Yang et al. [27] proposed CUSUM-median control charts; Generally Weighted Moving Average (GWMA)-median control charts were suggested by Sheu and Yang [28, 29] ; and mixed EWMA median and range control charts were suggested by Castagliola [30] . Recently Castagliola et al. [31] proposed EWMA median charts with estimated parameters.
The concept of using auxiliary information is based on the application of estimation and survey sampling techniques. For example, during the study of any chemical production process, the temperature may assist an auxiliary variable, which can be easily observed. After identifying the auxiliary variable(s) with study variable, the precision of an estimator can be enhanced by using earlier information on an auxiliary variable (cf. [32] ). A number of studies in the existing literature suggest that variables' auxiliary characteristic information can be used to attain higher e ciency, one may refer to [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] . This idea of auxiliary information is also used in various control charting procedures to enhance the monitoring of quality characteristic, such as cause-selecting control charts, auxiliary information-based control charts, regressionadjusted control charts, and ranked set-based control charts. For more details, see [20, [33] [34] [35] 37, [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] .
Khoo [53] presented the control chart structure of sample median based on the process which is normally distributed. Ahmad et al. [37] added some more median estimators under normal distribution based on the estimators using one and two auxiliary variables under Shewhart set up. The EWMA control charts outperform the Shewhart control charts to identify the moderate and small shifts. By taking inspiration from these works, we propose a set of EWMA type median control charts. For these charting structures, we consider the properties of estimators under study using simple random sampling from univariate, bivariate, and trivariate normal distributions.
In our study, we have considered the assumptions of normality (as many researchers used in literature, e.g., [33, 34, 37, [54] [55] [56] ) to evaluate the performance of proposed EWMA charts. We have also studied the run length properties for the purpose of performance evaluation of understudy EWMA charts. The rest of the paper is organized as follows: Section 2 brie y explains the set of median estimators and EWMA charting structures for these estimators; discussion about the performance measures for evaluating control charts is presented in Section 3. Section 4 is based on the description of simulation study comparison among various median type control charts. Section 5 exhibits an illustrative example. The outcomes of this study are concluded in Section 6.
Median estimators and improved EWMA charts
Let Y denote the quality characteristic and auxiliary characteristics are denoted by X and Z. 
Up to the rst order approximation, the mean and standard deviation of M 3 , M 4 , M 5 , and M 6 are shown in Box II, where:
Ahmad et al. [37] introduced the estimator of median involving two auxiliary variables:
where:
Up to the rst order approximation, the mean and standard deviation of M 7 are, respectively: The properties of these estimators can be found in [37, 61, 62] . In this article, we use the EWMA control charting structure for median estimators M 1 M 11 as discussed by Ahmad et al. [37] in Shewhart set up. The description of EWMA design for these estimators is as follows.
Roberts [4] rst introduced the EWMA control charts and claimed that for moderate and small shifts in the process, the performance of EWMA type control charts was superior to that of the Shewhart-type control charts. The EWMA's statistic is a comprehensive mixture of the past and current information and is de ned as:
where is the smoothing parameter that ranges from 0 to 1(0 < 1), Z j 1 is the past information, and M j is the current information (for j = 1; 2; 3; ). A substituted form of the statistic given in Eq. (1) can be expressed as:
When sample observations become less recent, the weights (1 ) i in Eq. (2) 
where 2 is the process variance. Here, we use either the known value of 2 , i.e. 2 0 , or estimated value from samples of the initial in-control process. We carry out an analysis in which the known parameters are considered. Given the above results, the EWMA control charts' structure for median estimators is given as:
The range of these control limits is determined by L, and its values depend on the choice of the constant and prede ned value of ARL 0 . These limits are also known as time varying limits of EWMA type control charts. With the large value of j, the limits given in Eq. (4) converge to the constant limits, which can be shown as:
It is worth mentioning that when the number of samples increases, the factor (1 (1 ) 2j ) in Eq. (4) tends to 1.
Performance measures and simulation procedure
The performance of control charts can be measured by using di erent techniques. An appropriate number of samples, say 100,000, having a xed size, n, are produced by N( + ; 2 ), where and 2 are mean and variance of the process, respectively. is a quantity of shift in the process. 
Comparative analysis
For the purpose of analyzing run length characteristics of our charts, random samples are generated from trivariate normal distribution of size n, using di erent correlation combinations of high, moderate, and weak correlations, xy , yz , and zx . We determine the EWMA control structures de ned in Eq. (5) compare the performances of EWMA control charts using di erent median estimators, we construct ARL-curves for control charts based on M i (i = 1; 2; ; 11); the ARL values are used at varying shifts. These ARL curves are presented in Figure 1 and are based on some selected combinations of correlations. For these curves, we used log (ARL) on Y -axis for improved scaling. Figure 1 represents the comparison of all median control charts. By the comparison of all median control charts, it can be seen that for all categories (high, moderate, and low) of correlation combinations xy , yz , and zx , as considered in Figure 1 Tables 2 and 3 , we present the values of EQL, RARL, and PCI with all four values of and selective correlation combinations of xy , yz , and zx for the sample sizes of 10 and 15, respectively.
It can be observed from EQL values provided in Tables 1-3 that the e ciency of the charts improved with the increment in sample size. EWMA median charts are more e cient at the lower values of and small shifts in the process, which can also be observed in our study. For the EQL values, the EWMA median charts become more e cient at the lowest value of for the detection of process shift in the mean. It is also observed from EQL values that EWMA median charting structures (at = 0:75; 0:50; 0:25) give better results than Shewhart median control charts (at = 1) do. Similar picture about the e ciency of EWMA median charts to that we observed in EQL results, provided in Tables 1-3 ii. Comparison of mean control charts: We have also compared the performance of EWMA mean control charts based on the estimators T i (i = 1; 2; ; 11) for the same choices n, xy , yz , zx , and as used for EWMA median control charts using ARL curves and other measures. The ARL curves (using log (ARL) on Y -axis) are presented in Figure 2 while other measures are presented in Table 4 . It can be observed that the EWMA mean charts, T 8 T 11 , which are based on two auxiliary variables, have low curves as compared to other charts (cf. Figure 2 ). It means that the detection ability of EWMA mean charts is enhanced due to the use of more auxiliary variables, which is also observed in the case of EWMA control charts based on median estimators. The values of EQL, RARL, and PCI presented in Table 4 also indicate the dominant performance of control charts based on T 8 T 11 .
iii. Comparison of mean and median control charts: In order to do a cross comparison for the performance of EWMA mean and median control charts, we construct ARL curves for some selective estimators and choices of n, xy , yz , zx , and , which are presented in Figure 3 . It can be observed from the comparative analysis of Figure 3 that the ARL curves for EWMA mean charts are lower than the ARL curves of EWMA median charts for some selected estimators. It means that 
Comparison of control charts under contaminated environments
In this section, we have considered an uncontaminated process environment and three contaminated process environments in order to compare the robustness of proposed EWMA median charts. Without loss of generality, we have used 0 = 5 and 2 0 = 1 as uncontaminated process environment throughout the study so far, which is denoted as (E 1 ) here. To study the robustness of EWMA median and mean charts, we have considered three contaminated process environments, namely, E 2 , E 3 , and E 4 , with certain percentages of di used outliers. The description of these process environments is as follows:
(1 )100% data from y = 6; x = z = 5 and 2 y = 2 x = 2 z = 1; E 2 : (1 )100% data from y = x = z = 5 and 2 y = 2 x = 2 z = 1 and ( )100% observations from y = x = z = 6 and 2 y = 2 x = 2 z = 1; E 3 : (1 )100% observations from y = x = From Figure 4 , it can be observed that the contaminated ARL 0 bars for the EWMA median charts under the contaminated environments (E 2 E 4 ) are relatively closer to the ARL 0 bars under the uncontaminated environment E 1 than the bar charts for EWMA mean charts, provided in Figure 5 , are. It means that the EWMA median charts have shown reasonably more resistance against outliers for ARL 0 contamination than EWMA mean charts have done.
As well as concern about ARL 1 contamination, the EWMA median charts show relatively better resistance ability than EWMA mean charts do, which can be seen in Figures 6 and 7 .
From these gures, we can observe that median control charts are more robust than mean control charts are. 
Illustrative example
In this section, we provide a descriptive example as well as a case study to compare the performance of control charts. Through these illustrative applications of the control structure, the importance of e ective changes detection in parameters of the process using median based control charts is highlighted. In both cases, we select three charts representing study variable, Y , rst auxiliary variable, X, and second auxiliary variable, Z. The variables Y , X, and Z can represent di erent real life applications; for example: (i) In process monitoring of missile testing, we may consider the e ciency of projectile as Y , its momentum as X, and the weight of carrier as Z;
(ii) In process monitoring of nuclear power generation, the amount of power generated can be taken as Y , the half-life of ssile material as X, and the amount of fuel as Z; (iii) In measuring the resistance of wire, we may take resistance as Y , the width of wire as X, and current supplied as Z; (iv) In chemical reactions, the rate of reaction can be considered as Y , the activation energy of molecules as X, and the stoichiometric amount of reaction as Z; (v) In materials sample sintering in partial gas pressure, di erent di usion of gas into a furnace chamber can be taken as Y , the area of the 
Simulated illustration
For this example, we selected three charts: The rst estimator, M 6 , is selected based on one-auxiliary variable X, and the second estimator M 11 is chosen based on two auxiliary variables X and Z. We compare the performance of these two selected estimators with that of the usual median estimator, M 1 . The trivariate normal distribution is used to generate two di erent data sets with mean vector, , and variance-covariance matrix, . Each data set contains 50 subgroups with sample sizes n = 5 and 10 at two di erent levels of smoothing parameter = 0:75 and = 0:25. The mean vector, , and variancecovariance matrix, , can be shown as: This noticeably points out that the control chart based on estimator M 6 detects 10 more out of control points than the control chart based on estimator M 1 does and the control chart based on estimator M 11 detects 13 and 3 more out-of-control points than M 1 -based control structure and M 6 -based control structure do, respectively. Moreover, the control chart based on estimator M 11 signals earlier than two other control charts does, which supports our ndings in this paper, i.e. the control charts based on two auxiliary variables are more e cient than the control charts which are based on one-auxiliary variable.
One can also notice that Figure 8 (b) gives more detections than Figure 8(a) does. This indicates that detection capability of charts increases with an increase in sample size; for example, when n = 5, M 1 , M 6 , and M 11 detect 4, 14, and 17 out-of-control points, respectively, while 14, 18, and 20 out-of-control points are detected for n = 10 ( Figure 8(b) ).
From the comparison of Figure 8 (Figure 8(a) ), while they detect 12, 18, and 19 points, respectively, when = 0:25 and = 0:75 (Figure 8(c) ). A similar type of behavior at n = 10 and higher detection ability of M 11 chart can be observed in these gures.
Case study
In order to demonstrate the application of the proposed auxiliary information based median control charts (T i ), we provide an example here for four di erent combinations of charts. In each combination, we select one chart based on two auxiliary variables and one chart based on single auxiliary variable, and make a comparison with usual median control chart. For the mentioned purpose, we consider the data-set based on the non-iso-thermal continuous stirred tank chemical reactor model, namely, the CSTR process, originally proposed by Marlin [65] , which has been widely used as a benchmark in fault detection and diagnosis (cf. [66, 67] ). The CSTR process comprises nine process variables; the details of variables may be found in [66, 67] . For our example, we have considered CA (outlet concentration of the product measured in kmole/m 3 ) as Y , T O (inlet temperature measured in Kelvin) as X, and F A ( ow rate of reactant A measured in m 3 /min) as Z. the mentioned data-set originally contains 1024 values that are collected at sampling intervals of half minute. The initial 512 values (the rst half of the data) are from the in-control state with shift zero, whereas shift ( = 0:15) has been introduced in y for the second half of data-set to monitor process location parameter. We have considered the mentioned trivariate data-set in the form of 102 sub-groups each of size n = 10 (that is by making each group after 5 minutes). (sub-groups) on the horizontal axis. After the 51st subgroup, the details of detection ability of each gure can be observed as:
In Figure 9 It shows that the control charts based on two auxiliary variables have the best detection ability followed by one-auxiliary information based control charts and usual median control chart, respectively, which is in accordance with the ndings in Section 4.
Conclusions and future recommendations
Variations are an integral part of every process and these variations need our attention to improve the quality of the process. We use control charts in order to classify these variations as natural and unnatural. For location, monitoring mean is the most commonly used measure. However, median serves as a better alternative when processes face sudden outliers. Moreover, information about auxiliary variables helps to enhance the precision of the estimators and, hence, the charting structure. In this article, we proposed the median-based EWMA control charts to monitor the location parameter. With the help of one-and twoauxiliary variables, we designed the mean and median based EWMA control charts and compared their performances under contaminated and un-contaminated process environments. Based on these estimators, we investigated the EWMA control charting structures and carried out detailed run length using di erent performance measures ARL, EQL, RARL, and PCI. Based on our evaluation, in the uncontaminated environment, mean control charts are better than median control charts. The detection ability of mean control charts is better than that of median control charts. However, under the contaminated environments, median control charts are better than mean control charts. The resistance ability of median control charts is higher than that of mean control charts in the presence of outliers. By comparison of all median estimators, results also displayed the overall dominance of control charting structures based on two-auxiliary variables. As the analysis of EWMA control charts also includes = 1 among the di erent values of (which is a special case of Shewhart control charts), it is worth mentioning that, for the same estimators, results of EWMA control charts are better than those of Shewhart control charts. These major ndings can also be observed from the illustrative example. From this example, we can also observe that if the size increases, these charts will be more e cient in detecting shifts in the process. Moreover, the scope of this study can be further extended to other types of control charts, such as multivariate EWMA and CUSUM control charts. Di erent run rules can also be used to enhance the detection abilities of these charting structures.
Nomenclature

ARL
Average Run Length ARL 0 In-control ARL ARL 1 Out-of-control ARL CSTR Continuous Stirred Tank 
Appendix
We provided some additional results of our proposed study in Tables A.1 
